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Abstract 

Form factor bootstrap approach is applied for diagonal scattering theories. We 
consider the ADE theories and determine the functional equations satisfied by the 
minimal two-particle form factors. We also determine the parameterization of the 
singularities in two particle form factors. 

For ^2^^ Affine Toda field theory which is the simplest non-self conjugate theory, 
form factors are derived up to four-body and identification of operator is done. 
Generalizing this identification to the A^^^ Affine Toda cases, we fix the two particle 
form factors. We also determine the additional pole structure of form factors which 
comes from the double pole of the S-matrices of the theory. 

For A]\f theories, existence of the conserved Z^v+i charge leads to the division of 
the set of form factors into N + 1 decoupled sectors. 
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1 Introduction 



For two dimensional factorizable scattering theories, the bootstrap framework gives strong 
constraints on physical quantities. For example, under some assumptions such as unitarity, 
the bootstrap determines the S'-matrices almost completely and non-perturbatively. 

The factorizable and diagonal scattering theories are integrable models which have 
deep relationship with underlying Lie algebras. The S'-matrices for these theories are well 
known and determined from the data of the associated Lie algebras. 

Less-known objects for these theories are form factors i.e. matrix elements of operators. 
If we know all form factors then the correlation function can be calculated in principle. 

In integrable theories, the form factors can also be determined by the form factor 
bootstrap approach [Q, |]. 

The form factors for the diagonal scattering theories are known for the thermal per- 
turbation of the Ising model P, |[, the scaling Lee- Yang model [||, the sinh-Gordon model 
[H, 1^, the Bullough-Dodd model {A2 ) and the 0i,3-perturbed non-unitary ^ model 

all of which contain only one type of particle, and for minimal theories which 
contain N kinds of particles Two-body form factors for the magnetic perturbation 
of the Ising model can be found in |jTl[ . 



Koubek shows that for minimal A2/1 theories, (0i,3-perturbed M2^2N+3 minimal con- 
formal field theories), all recursion relations for form factors can be simplified to the 
recursion relations for the form factors which contain only one kind of particles 0]. 

All particles (or excitations) in these theories are self-conjugate, i.e. a particle and its 
anti-particle are identical. 

But for the case of non self-conjugate theories, the kinematical residue equations can 
not be used directly to determine the form factor. In this case, recursion relations for 
one particle become rather difficult to solve. In this paper, we take a straightforward 
approach: trying to solve simultaneously the system of recursion relations. 

We mainly deal with the A^^^ models, especially the ^42^'* model. 

The paper is organized as follows. In section 2.1 we briefly review the form factor 
bootstrap approach to fix the notation. In section 2.2, we discuss the properties of min- 
imal two particle form factors and determine the parameterization of two particle form 
factors. In section 3 we derive the form factors of A'2^ Affine Toda field theory up to 
four-body. And we identify the fundamental operators. The generalization to An theo- 
ries are discussed in section 4, and we determine the two-particle form factors. Section 5 
are conclusions and discussion. 



2 The form factor bootstrap 

2.1 Equations for the form factors 

The matrix elements of a local operator 0{x) 

^a1at-aH/?^/^2,---,/5:„IA,/32,---,/?n) 
= < P[,P2, P'JOmPl, P2,---,Pn >a,a,-a^, (2.1) 
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are called form factors of general kind. Here (3i is a rapidity of a particle of a species a^. 
Consider the following form of matrix elements 

Fa,a,-a^ (A, /^S, " " " , l^n) =< O|0(O) /^a, " " " , >a,a,-a^ • (2.2) 

The general form factors (|2.1|) are related to the functions (|2.2|) by analytic continuation 

i^a1.-:ar(/5^---'/5™IA' (2-3) 

= C<'' ■ ■ ■ C^'-'-F,,...,^a,-a,^ + .TT, ■■ + ZTT, A, •■• , (3^) , 

provided that the set of rapidities /?' are separated from the set /?. Here is inverse of 
charge conjugation matrix Cab and for ADE scattering theories Cab = ^al- 
Watson's equations for diagonal scattering theories take a simple form 

-fai---aiai+i---a„(/3l, ' ' ' , A, ' ' ' ; (^n) 

— Sa^ai+i {Pi Pi+l)Fai---ai+iai---an {Ply ' ' ' y Pi+ly Pi: ' ' ' y Pn) y 

Fa,a,-aAPl + 2vr2, /^S, " " " , Pn) = Fa,...a„aAP2, ' ' ' , Pn, Pi)- (2.4) 

The simple pole structure of the form factors are summarized by the following two 
types of the recursion relations.^] 

The first kind of relations are called kinematical residue equation 
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reS^'=^+i^ Faad^-d„{P',P,Pl, ■■■,Pn) = Fd,...d„{Pl, ■■■,Pn) U " H Sad,{P " Pj) ■ 



■J 



:2.5) 



And the second kind of relations are called bound state residue equation 

- z iesp,=p+iec^^ Fabd,-dSP\ P,Pu---, Pn) = K,F-,d,...dAP + lO^, A, ■ ■ ■ , pn), (2.6) 
where 9 = n — 9. The on-shell three point vertex F^^ is given by 

-i ^Q^p=iei^ Sab{P) = {Kh)^. 

2.2 Minimal form factors 

In the case of = 2, Watson's equations reduce to 

Fab{P) = Sab{P)Fba{-P), 

Fab{P + 2m) = Fba{-P). (2.7) 
The general solution of Watson's equations takes the form [|l| 

Fa.-aAPl, ■■■,Pn)= Ka,...aAPu " " " , /^n) Jl ^IT^A ' Pj), (2-8) 



^ If S'-matrices contain double poles then additional simple pole structure appears. 
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- n T % , " ;^ (2-10) 



where -F^™"^ is solution of eq.( |2.7| ) which is analytic in the strip < Im(3 < 27r and has 
no zeros in < < 27r. 

The building block of diagonal S-matrices is (x)^ = (a;)_|_(/3)/(— where = 
^ sinh + We write the basic building block of minimal (two particle) form factor 
corresponding to (x)^ as following forms 

sinh (2.9) 

2 g2h-x[l3) 

which has no poles and zeros in the strip < Im(3 < 2ti for < a; < 2h. The function 
9x{l3) is given by 

- r(n + g-t + i) 
=ir(n-f + t-i) 

The function gx{l3) has poles aX (3 = —mx/h + 2(m + 2)7rz for m = 0, 1, 2, . . . and zeros 
aX (3 = —mx/h — 2mTii for m = 0, 1, 2, . . .. 

The introduction of the function simplifies the calculation. Using the following 
properties of gx 

gx[p + i^y^ = g.+yiP), (2.11) 
gx{f3 + 2m) = gx+2h{P) = j^gM, (2-12) 

gx{0)g4h-x{0) = 1, (2.14) 

the behavior of the minimal form factors under the recursion relation is easily determined. 
For ADE scattering theories, the basic building blocks of the diagonal S'-matrices are 

< X >f3=< X >+(^) / < -X >+(/3) with 



(x — l)+(x + 1)+ for perturbed conformal 



< X >- 



(x-l+B)+{x+l-B)^ 



for Affine To da 



where h is the Coxeter number of the associated Lie algebra. 
So the building block corresponding to < x > is 

Tp{min)fn\ _ ^ x{(3) 

where 

gx-i{[3)gx+i{l3) for perturbed conformal 



(2.15) 



GxW) 



gx-i{P)gx+iiP) 



for Affine Toda. 
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We list some properties of Gx- 

Gx[p + i'^y)=Gx+y{l3), (2.16) 

Gx{f3 + 2m) = Gx+2h{P) = ^ (2.17) 

G'.(0)G4^_,(0) = 1. (2.19) 
If 5'-matrices have the following form 

Sab{P)= n <a;>/3, (2.20) 



then the minimal solutions of eg. ( |2.7| ) are written as 

= n Ft'''\P). (2.21) 



xeAa 



b 



Here Aab is the minimal set of numbers which gives the correct Sab- The multiplicity 
of p in Aab is denoted by nip^Aab)- The sets Aab are chosen such that rrip^Aab) = for 
p < or for p > h. 

The crossing condition of the S'-matrix SabiiT^ ~ P) = Sba{P) is equivalent to the 
condition mh-p{Aab) = mp{Aba)- 

The minimal form factor ( |2.21| ) has following property 

Fir)(/3 + ^7l)F^^\P) = UUP)- (2.22) 

Eq. (|2.22| ) is an analogue of the S-matrix relation SabiP + i'^)Sab{P) = 1- There is one-to- 
one correspondence between the constituent of minimal form factors and the ^-matrices. 
Many properties of Fj™*") are similar to those of < a; > but the monodromy property is 
quite different. Fj'"*") has a diagonal monodromy which comes from eq.( p.l71 ) while < a; > 
is 27ri-periodic. Due to these monodromy factors, additional functions ^ab{P) appear in 
the right hand side of eq. (p.22|) . The factor 1/^ab is given by the product of < x >+ 

i/a(/?)= n <^>+m- (2-23) 

xeAab 

In particular, for Affine cases, < x >+= (x — l)+(x -|- l)+/(x — 1 + -B) + (x + 1 — -B)+ 
implies that B dependent parts appear only in the numerator of C,ab- The form of ^ has 
been determined for the scaling Lee- Yang model 0, the sinh-Gordon model and for 
the BuUough-Dodd model [§] by explicit calculation. 
Using eq. (|2.7]), we get the following relations: 



5 



Under the factorization of eq.(|2.8|), the kinematical residue equations reduce to 

-i reS/3'=/3+i7r Kaadi-dn W , /3, ■ ■ ■ , Pn) (2.25) 



(min) 



u=i i=i 



In accordance with the ^-matrix bootstrap 

SadiP + iel,)SM{P - lei) = s-M). (2.26) 

the minimal form factors have following properties 

Fir\f^ + ^el)Fl,r\p - ^el) = Fir\P)/K,M- (2-27) 

The extra factor l/A^{,.^(/9) comes from the diagonal monodromy and is given by the 
product of < X >+: 

l/AaM(/^)= n <ul^-x>+(p) n <a;-<>+(;3). (2.28) 

Here u"^^ = hOlJ'K and u^^ = h - u^^. 
We list some properties of Xlb-a- 

Kb;diP) = Ka;di~P)y 

The function A is known for the scaling Lee- Yang model [^] and the BuUough-Dodd 



model [|, |3 



The Bound state residue equations reduce to 

-i res/3/=/3+i0c Kabdi-d„{P', - ■, Pn) 



t:,k,,,...,^ iP + lei, A, ■ ■ ■ , Pn) n + <c - P,)/FT''\iei,). (2.29) 



For ADE scattering theories, the S'-matrix can be written as |14 



h-i 

Sah{P)= n (<2p+l + e,, >+(^))"' "' "\ (2.30) 

p=0 

Or equivalently 

m^^Aab) = yu^") ■ w-P(f)b for 0<x = 2p+l + eab<h. 

Here fi^"^ is the fundamental weight of the algebra. So the minimal form factors can be 
given by0 

F^r\P) =< >f-^)^'"'-^^ I^(G2,+l+.„,(/?))^'"'-^''<^^ (2.31) 

p=0 



^ For the minimal cases, if the S'-matrix have fermionic nature: 506(0) = — 1, then one more factor 
(0)+(^) is needed. 



Here eab = |(c(a) • 
algebra associated, 



- c{b)). Depending the two colourings of the Dynkin diagram of the 
c(a) = 1 for white nodes and c(a) ■ 



-1 for black nodes 15 



Note that we can see c(a) 
except for A2N theories, e^b = 



'—l) c(a). If the Coxeter number h is even, which holds 



The first adjustment factor in the right hand side of eq. (p.31|) is introduced in order 
that -Fq™"^ is constructed from {0 < x < 2h) for = 1. 

In the right hand side of eq. (|2.25|) and eq. ( p.29|) , for the Affine cases, coupling de- 
pendent parts (x ± B)j^ only appear in positive powers, so the singularities of K can be 
factorized by products of 



• ■ ■ , - Qa....a. (/^l, ■ " " , Pn) R + )C.., ^^^^^ _ ^^.^ • (2-32) 

The function Wab contains the factor ■u^^)^ for bound state poles. The factor 

(— is needed to make Wab symmetric: M4a(— /?) = Wab{f3). In general, Wab must 
contain more factors to factorize the higher order poles in ^ab- 

The polynomial Qai - a^ carries the information about operators. Counting the number 
of independent solution Qai - a„ can be used to classify the operator content of the model 
i g 0, 0, 0. 

We expect that Qai,---,a„ are polynomials in a;) + . So the function Wab is deter- 

mined from the requirement that Wab{,[^ + iT^)Wab{,[3)iab{.(^) is product of the factors 
in positive powers. 

Using the expression (|2.23|) , we write the singularity of ^ab as follows 



Tnp--l(Aab)-mp+l{Aah) 

, , , . , X — I I + 

X — i 4- Uc 



x€Aab 



Even order poles do not correspond to the bound state. If ^ab contain the factor 1 / (x)^, 
the half is canceled by Wab{P) and the other half is canceled by PFa{,(/3 + z7r). Then 

WabiP) must contain {x)'!l{—x)'^, and WabiP) have {x — h)\{h — xY+. 

Odd order poles can be interpreted as the production of a bound state. Wab contains 
the factor {Uab)+{—u'ab)+ for the bound state in forward channel. If ^ab contains the factor 
then Wab has the factor (x)^"^"^ and Wab has the factor (x — /i)'^ for the forward 

channel. 

Dorey's "uphill/downhill" mnemonic [jl4[ implies that mp_i — m^+i = +1,0,-1 and 
the case mp_i — irip+i = +1 corresponds to the forward channel. 

The above consideration leads to the following form of the parameterization: 

WabiP) = Pab + Pab {^P + 

where 

PabiP) = n 

{xeAat\Xyth-l} 

The singularity structure of ^ab is similar to that of Sab- The singularities of the 5- 



matrices for ADE theories are explained in terms of multi-scattering processes fl^, |T 



So it is natural to expect that the factorization in the above admits such interpretation. 
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For perturbed conformal theories, Delfino and Mussardo [|r^ have derived the parame- 
terization of the singularities of two particle form factors from the Feynman diagrammatic 
analysis of multi-particle processes. Their factorization is agrees with our result. 



3 ^1^' 



case 



The A''2^ theory is the simplest model based on the Lie algebra which contain non self- 
conjugate particles. It contains two kinds of particles, which are denoted by 1 and 2. The 
particle 2 is the anti-particle of 1 and vice versa. 

The S'-matrices of this theory are given by = 5*22 =< 1 > and 5*12 = 5*21 =< 2 > 

(!■ 
2 



181 |19|, |20ll. For definiteness, we consider the Afiine A'^^ theories. We define 



F[m,n] iPl, l32i ■ ■ ■ 5 Pm'i P'l, ' ' ' ^ P'n) 
= Fii...i22--2{f3l,(32,---,f3m,(3l,f^2,---,f3'n)- (3.1) 

And we factorize -ft'[m,n] as follows 

K[m,n]{Pl, ■ ■ ■ ,/3m;/5l, ' ' ' , f^'n) (3.2) 
Q[m,n] (-^l) ■ ■ ■ ) -^m) ■ ■ ■ ) l/ji) 

Ui<jixt - uj^Xj){xi - uj-'^Xj) Hi Ujixi + Vj) UiKjiVi - ^^2/j)(y» - ^^^Vj) 

with Xi = Hi = e^' and cu = e*?. The degree of polynomial Q[m,n] is given by 
deg{Qirn,n]) = {m + n){'m + n — 1) — mn. For simplicity, we use the vector notation 
X = (xi, X2, ■ ■ ■) etc. 

Then the kinematical residue equation is reduced to 

Q[m+i,n+i]i^,-x;x,y) = xD[„,„](x;x,y)Q[^_„](x;y), (3.3) 

where 

D[™,„](x;x,y) = i-irH2 

X (L'„(x; x; -uj)Dn{x; y; u'^) - D^{x; x; -uj'^)Dn{x; y; u) 
The function Dm is defined by 

m 

Dmix;x;z) = JJ(x + zxj)(x — zgxj)(x — zg~^Xj) (3.4) 

m m m~k 

= E E E (-1)1^ + l],a:^'"-^^-'=-'.^^+'=+VKx)s(,.,,.)(x), 

/=0 k=0 r=0 

where [k]g = {q^ — q^'')/{q — q^^) and the Schur function S(2r i*) is 

•5(2'-, 1*=) = {crr+kO'r-2 ~ 0"r+fc-lO"r-l ) • 

Here aj are the elementary symmetric polynomials defined by 

m m 

n(a: + x,) = E^"^'V,(x). 

j=l j=0 
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The B dependent parameter H2 is defined by 



-,(min) I ■ \ ' 



The couphng dependent parameter q — e'i^^~^^ transforms into q'^ under the weak-strong 
transformation B ^ 2 — B. 

The bound state residue equations are reduced to 

Q[m+2,n](x,a;|/,a;"V;y) = Hy^D^{y;:si; l)Q[„,,„+i](x; ?/, y), 

Q[m,n+2]{x;ujx,uj~'^x,y) = Hx^ Dm{x;y; l)Q[m+i,n]{x, x;y) , (3.5) 

where 

^ ^ \/3r v^r 



The function F is given by 



2 / 1 \2 / 2 \2 r sin |Ssin |(2 — S) 
(H =(rn) ={r,,) = V3^in|(4-S)sin|(2 + S)- 



(3.6) 



There is the relation between H and H2 

HyH2={l + u;){l + u;[2],), (3.7) 
which is equivalent to the minimal form factor relation 

{Fi^\l^^))' /Fi^\^^) =< 3 >+(o) ■ (3.8) 

We first pay attention only to the indices [m, n]. The bound state residue equations re- 
late Q[m,n] to Q[m-2,n+i] ov Q[m+i,n-2] and the kiuematical ones relate Q[m,n] to (5[m-i,n-i]- 
We identify [m, n] with two dimensional vector and introduce the following equivalence 
relations 

[m, n] ~ [m, n] - h[2, -1] - ki-l, 2] - 1] (3.9) 

where k E Z. Because [1, 1] are equal to [2, — + 1, 2], the above definition is redundant. 

But for later convenience, we write here the [1, 1] term. 
Then there are three equivalence classes 

{Kn]}/~=[[0,0]] + [[l,0]] + [[0,l]]. (3.10) 

In other words, if [m, n] and [m', n'] belong to different classes then Q[m,n] and (5[m',n'] are 
not linked by residue equations. 

So the set of form factors is divided into three sectors. In each sector, higher polyno- 
mials are determined itcrativcly from lower ones. In the minimal polynomial space, the 
solutions can be determined uniquely except for the kernel ambiguity. 

Note that [2,-1] and [—1,2] are equal to the first and second rows of the Cartan 
matrix of A2 algebra respectively. 
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The index [m, n] can be identified with the Dynkin indices of weights and with corre- 
sponding weights 11 

/i = [mi, 7712] = mi/i*^^-' + m2yU*-^-*, (3-11) 

where ^^""^ are the fundamental weights. Then the equivalence relation can be rewritten 
as follows 

fx r-u n — l^ai — l2a2 — h{oii + a2). (3-12) 

Here ai and 02 are the simple roots of the A2 algebra. For the Aj^'* theory, the equivalence 
relation is generated by all positive roots. 

In the polynomial space we are considering, the degree of a polynomial is equal to the 
degree of the kernel and the kernel is one dimensional. So at every recursion step, only 
one parameter enter to the solution space and the parameter Ajy is attached to the point 
z/ in the dominant weight lattice. The most general solution of the residue equations ( ^731) 
and ( |3.5| ) has following forms 

Q^(x, y) = Y. H^^-'^A.Q^^^i^, y). (3.13) 

Here the ordering of weights /i > z/ means that the difference fi — u lies in the dominant 
root lattice and = mi + 1712 for fi = [mi, m2]. 

The polynomial carries the information about operators. Each Q^^^, satisfies the 
residue equations, so gives an independent form factor of some operator O^. 

3.1 The [O,0]-sector 

We start from the [0, 0]-sector to solve the recursion relations. 

Although we call [0, 0]-sector, the kinematical recursion relation is not applied to the 
Q[i,i] Q[o,o] 0- 

So the first polynomial is Q[i,i]. The most general degree 1 polynomial is 

Q[i,i] y) = A[i,i]X + A[^^y (3.14) 

where ^[1,1] and ^ji^i] are constants. But the recursion relation Q[3fi] — > Q[i,i] has no 
solution unless ^[1,1] = ^|i,i]- Similar phenomena occur at higher stages of recursion 
processes. These additional constraints come from Z2 symmetry corresponding to the 
charge conjugation. These Z2 constraints are imposed on the constants: A[m,n] = ^[n,m]- 
First few solutions in the [0, 0]-sector are given by 

Q[i,i]ix,y) = v4[i,i](x + ?/). 
<5[3,o] = ^[3,o]5i[3,o] + HA[i^i]aia2 (0-1(72 - (2 + [2]g)cr3) . 

Q[2,2] = ^[2,2]-Bl[2,2]-^[2,2]-B2[2,2] + -f^^[3,0]Q[2,2],[3,0] + -f^^^[l,l]'5[2,2],[l,l] • 

■^If the recursion process was started from (5[o,o] formally, we would only get Q[rn,n] ~ QlQ,o]^m.,oSn,o- 
This solution corresponds to the 'form factor of identity operator'. 
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Here 

Q[2,2],[o,3] = {(^l{x)(rf{y) - (J2{x)a2{y)) 

X (Mx) - a2{y)f + (ri{x)ai{y){a2{x) + a2{y)) + a2{x)al{y) + cri(x) 0-2(1/)), 



Q[2,2],[i,i] = {(ri{x) + (Ji{y)){a2{x)ai{y) + ai{x)a2{y)) 

X (cri(x)(Ti(y) (0-2(3;) + o-2(y) + o-i(x)cri(y)) - (1 + [2]q)a2{x)a2{y)). 

The polynomial -ft'fm.n] is given by 

m n 

^Kn,](x,y) = n n(^i + %-) = II^A(x)s),(y), (3.15) 

i=lj=l A 

which is the kernel of the kinematical residue equations. Here s\ is the Schur functions and 
the summation is taken for the partition A = (Ai, ■ ■ ■ , A^), i-e. non- increasing sequences 



of non-negative integers under the condition \i = n and A = (m — A^, ■ ■ ■ , m — A^ ) [p2 
The partition A' is the conjugate of the partition A. 
The polynomials Ba[m,n]{.ci = 1, 2) are given by 

Sl[m,n](x,y) = n ~ Uj'^Xj){Xi - UJ~'^Xj) = S25„ (x) , (3.16) 

i<j<m 

52[m,n](x, y) = n iVi " ^^yj)iyi - ^'^Vj) = S25„(y), (3.17) 

i<j<n 

which are the kernel of the bound state residue equations. Here 6m = {m — l, m — 2, ■ ■ ■ , 1). 
The Schur function can be expressed as p2| 

sx = det (cr\'-i+i) , 
^ V » ^ i<i,j<i{X') ' 

where /(A) is the length of the partition A. 

The polynomials Q[m,n],[i,i] {[m,n] ^ [1, 1]) have the following forms 

Q[m,n],[i,i](x;y) = ((Ti(x) + cri(y))(cr„_i(x)(T„(y) + (T„(x)(T„_i(y))P[„,„](x;y). (3.18) 

From the stress-energy conservation, it is possible to show that the polynomials which 
enter the form factors of the trace of the stress-energy tensor G are factorized as (|3.18| ). 
So the operator C[i,i] is identified with 9. This fixes the constant ^[i,i] to be 



^[1,1] 



ttM^ 



2F^r"^(^7r)^ 



where M is the mass of particles. 

In this sector, we determined the form factor up to four-body ones. For example, the 
explicit form of two-body form factor is given as 

^ ^12 («7r) 
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3.2 The [l,0]-sector and the [0, l]-sector 

The solutions in the [0, l]-sector are simply obtained from the [1, 0]-sector using Z2 sym- 
metry. So we only deal with the [1, 0]-sector. 

First few solutions in the [1, 0] -sector is given by 



<9[1,0] = ^[1,0]- 

(2) 

Q[0,2] = -4[o,2]52[0,2] + HA[ix)]a2 . 

Q[2,i] = A[2,i]B2[2,i]K[2,i] + HA[o^2]<^^^K[2,i] + H'^ A^i^oja^'^ a^^ a[^\ 

Q[4,0] = ^[4,0]-Sl[4,0] + -f^^[2,l]Q[4,0],[2,l] + -f^^^[0,2]Q[4,0],[0,2] 
+ -f^^^[l,0](5[4,0],[l,0]- 

Q[l,3] = ^[1,3]-B2[l,3]-R'[l,3] + -f^^[2,l]Q[l,3],[2,l] + -f^^^[0,2]Q[l,3],[0,2] 
+ ^^^^[1,0]<3[1,3],[1,0]- 

The explicit forms of the polynomials Qim,n],im',n'] in the above equations are given by 

Q[4,o],[2,i] = {2 + [2]g)a2{-crial - a^a3a4 + 2aia2asa4 + ala4 + afal) 
+ {al + (2[2]g + [2]J)(T4}(aiV| - a^a^ - 2aia3a4 + ol). 

<5[4,0],[0,2] = 0-4 ((2 + [2]5)((74 - (7i(73)((74 ^ al - (JifJa) ^ ([3]^ - 5)(72(74) . 
<5[4,0],[1,0] = C^4 ((2 [2]5)(72(-Cr| - (7iCr4 (72(74) 

\{ol + ([3], + 3[2], + l)a4)(ai(73 - (74)) . 
Q[i.3,,[i,, = ofa^^ (af - (2 + {2\,)af) (of + af V«) . 

g[l,3],[0,2] = (af - (2 + [2],)(7f ) (((7p))Vf + ((7f )V«) . 

^3[i.3],[2,i] = (af - (2 + [2],)af ) i^[i,3]. 

The form factor of the fundamental operator is factorized as follows 

Q.,.(x,y) = ^^"^Hx)ai-Hy)P.,.(x,y). (3.20) 

The operators O^i^j and 0(0,1] correspond to these fundamental operators, and others are 
composite operators. 
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Note that [1, 0] and [0, 1] are fundamental weights of A2 algebra. The operators la- 
beled by the fundamental weight correspond to the fundamental operators. From the 
conservation of the Z3 charge, 0^(a) = (j)a {a = 1, 2). Here (pa are Affine Toda fields. 

The requirement 

FaiP) = Ft^{(3) =< OlUm >a= ^ (« = 1'2) 

fix the constant ^[1,0] = ^[0,1] ^e 1/v^. 

In [l,0]-sector and [0, l]-sector, we also determined the form factors up to four-body 
ones. For example, the two-body form factor is given by 



2 2cosh/? + lir2(f")(|„) 



4 The An case 

The Am theory contains kinds of particles, which are denoted by 1, ■ ■ ■ , A^. The anti- 
particle ofaisa = /i — a = A^-|-l — a. The mass of the particle of type a is given 
by Ma = 2Msin(a7r//i)|T^. As for the case of the A2 theory, the A^r form factors are 
divided into A^ -|- 1 sectors. The sector specified by the fundamental sector contains the 
fundamental operator, and the zero sector contains the identity operator and the stress- 
energy operator. 

Physically, these sectors simply come from the decomposition of the states into the 
different ZAr+i-charge sectors. 

For the A^ theory, the explicit form of -F^™*"'' can be written as 

a;=|a— x=\a~b\+l 
stop2 stop2 

Using Fi— )(/3)Fir^(/3) = 1, we can show F^r\P) = Fir\P)- 
The monodromy factors ^ and A are given as follows 

h-\a+b-h\-l 

i/uip) = n < ^ >+(/?)' 

a;=|a-6|+l 
step 2 



^/Kb:M 



step2 

where v{a, b,d) = \b — d\ + b — d — \a + b — d\. 



nt(ll<?)'+^ < ^ a + b + c = h 

step2 



ntcill'+i < ^ >+(/3) a + b + c = 2h, 



(4.1) 
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The explicit form of on-shell three point vertex is 



u=,-3 

ao 



(r:.r = r^'^) < 2<, - 1 >+(o) n 1"f^"^^^r (4.2) 

x=\a-b\+l <^ab-X >+(0) 
step2 



where 



27r^/ sin ^ for perturbed conformal 

- (cos f - cos f (S - 1)) / sin f for Affine Toda. 
For the theories, — h — \a + b — h\ fora + 6 + c = mod h. 

— (cos j^x — COS 1^ /27r^ for perturbed conformal 

< 

(cos fx - COS l) / (cos fx - COS f (-B - 1)) for Affine Toda. 



< X >+(0)= < 



Especially for the Affine A2 theory, (F)^ — T^^^ < 3 >+(o) which agree with the 
previous result. 

The on-shell three point vertex F^j, can be expressed as 



r^.)' = <! (4.3) 



(Fc/FaFfo)^ for a + b + c — h 



{Ts/T-aTif for a + b + c = 2h, 

where = WzItI^'-' ■ 

The 5*- matrices for the An theories (A^ > 3) contain double poles. The singularity of 
form factors are parameterized by the following functions 

WabiP) =11 {xUi-x)+. (4.4) 

3;=|a-fe|+2 
step2 

In the above factorization, we allow the case c — i.e. a+b — h. For a+b — h, the constant 
u^fj is taken that = h. Corresponding to the double pole of the S'-matrices, additional 
simple pole appears at (relative) rapidity (3 = ij^iu^ab ~ ^A;) k = 1, . . ■ , |(Ma6 — |a — ^|) — 1- 
So we must determine these additional pole structure of the form factors. 

Prom now on, we consider the Affine cases for definiteness. The one particle form 
factor Fa is constant. 

Fa =< 010^(0)1/3 >„=-^. 

The elementary two particle form factor is given as 

la\H) la cosh /3- COS Fit'") (i^5»-«-l) 

14 



These two-body form factors play the role of the initial conditions of the recursion equa- 
tions. 

In order to fix the additional simple pole structure, we analyze some low order form 
factors. 

Solving the recursion relation for Fna, we determined the explicit form of for 

a< N -1, 

TP ( o\ jn/i— a— 2 T-1 ^2a \t-' ) 



X 



2a + 

sinf(a + 2) sin^(a + 2) / cos f - cos f (5 - T 



cosh P — cos ^ (a -|- 2) cosh P — cos fa\ cos ^ — cos j^{B — 1) ^ 
Also for a = - 1 = 2, 

F-(3) = \aP "^^^^^'^^^ [ 1 2 cin^ -I '^'l- f - ^) ^ 
''^^ 2 2 \ /, l^cos f - cos f (5 - 1 

+ 



cosh/3 - cosf (/i - 2) l + cosf(/i-2) 



One can show that 



fir' 0x0 " <r-o('f<J '2 



where / = k for a + b < h and Z = A; for a + b > h. 
Using eq. (^75|) , we can see that 



t res;3=.fa F^aiP) = T'n'^l-'^^'F.^a^i) (^lia - 2) ) . (4.6) 



For the case of a = — 1, the factor T^j^_-^^/Tii ^ appears. From the form of FJ^^, it holds 

that (Fj(^_i))2 = (Ffr^)^- In showing eq.Q, we take the phase Fi(^_y/Ffr^ = 1- 
In general, it is expected that 



I reS;3=iI(„c^_2fc) J^abW) = i Irm ^ m^in^.-l)^ 1(^,-1) [ij^l^ - t}\ J ft = i, ■ ■ ■ , mi - i, 

(4.7) 

where / = for a+b < h, I = k for a+b > h, rrii = \{u^b~\^~^) ^^d m2 = ^{ulfj + \a—b\). 
And Ti^"'^^ = F^(^_^_^). We checked the above equation for the case of a = 3. 
The additional simple pole structure is determined as follows: 

—i reS/3'=/3+j|(a+fe-_2fc) Fabdi---dn if^' i Pi Pli' ' ' i Pn) 

= r^^„"_,)Ff-^,:^^^-F,(,+,_,),,...,„ (^P + ^^{b-k),P + ^^{a-k),P,,■■■,Pn), (4.8) 
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for a + b < h and a < b. 




Figure : The additional pole structure ior a + b < h and a <b. 



(2) 

Similar relation holds for other cases. Above pole structure is similar to that of 
theories 0. 

Using eq. (^?7|) recursively, the two-body form factors are determined as 

^ (tOlb) it^o cosh /5 - COS ^ (m^, - 2/o) 



where 

1 lo-ih-i n" sin ^r?/^ — 2/ fr'^"'^"^ 

^ab;lo — r)J 2^2^"' T-rn ^.^-Ki] /Um'^l'^/C 7 /V V^'"^^'' 

n>o ^ ii=i«2=i in=i lli=iSin]^lfj-2-<jjsm^(^M„^-Zj_2-ijj 



Here /_i = — |a — b\) and i?a6;0 = 1- 

Also 



2 Vir"^(z7r) 

~ 5i (cosh/3-cosf(/i-2/o) l + cosf(/i-2/o)) } '^^'^^^ 
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where 



Here /_i = min(a, a). 



5 Conclusions and discussion 

We have derived the minimal two-particle form factors for ADE scattering theories. Using 
monodromy properties of the building blocks of minimal form factors, we have determined 
the functional equations satisfied by the minimal form factors. The function A^^.^ will play 
a key role in constructing the solutions of the form factor bootstrap equations. 

We have determined the parameterization function Wah for the perturbed conformal 
theories and for the Affine Toda Field theories. 

For the A2 Affine Toda theory, form factors are derived up to four-body, and the 
identifications of the fundamental operators have been done. 

For the Aj^ theories, the form factors are divided into -|- 1 sectors. To each sector, 
there corresponds the elementary operator or the stress-energy operator. This is a gen- 
eralization of the known result for the sinh-Gordon theory (i.e. Ax Toda theory) ^ 
to the Aj^ cases. For the A^ theories, we have determined the two-particle form factors. 
Also, the additional simple pole structure of form factors has been determined. 

The determination of higher order form factors remains to be solved. 

Before concluding this article, we state a relation between roots and equivalence rela- 
tion of weights. 

Dorey's fusion rule for the simply-laced theories 
occurs if 

+ wm^{V) + = 0, (5.1) 

for some integer ^(a), ,^(6) and ,^(c). The particle h is the anti-particle of a if 

+ = 0. (5.2) 

for some integer ^(a) and ^(6). 

We define 'fusion base' vector e^^ = yU*^"^ -|- [i'^^^ — /i'^'^^ or = /i*^"^ -|- /i*^''^ if eq. (|5.1|) or 
eg. ( ^.2|) is satisfied and ej^j, = otherwise. 

For the fusion a x 6 — c, if its fusion vector is expanded in simple roots 

_ ,.(a) , (6) _ (c) 
r 

= ^ m^arf, (5.3) 



is that the fusion process axb ^ c 
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then the coefficient take integer values. This is equivalent to the statement that for 
a X b ^ c, following condition is necessary: 

(C-i)"'^ + (C-i)^'^ - {C-^'^ e Z. 

Here C is the Cartan matrix of the algebra. For the £"8 algebra, all elements of 
are integers, so the above condition is always satisfied for any (a, b, c). Only for the 
algebra, above condition is also sufficient. 

Using the explicit form of the inverse of the Cartan matrix for the theories, 

(C-i)"'' = _l_niin(a, b){N + 1 - max(a, b)), 

one can show that the above condition is equivalent to a + b + c — mod + 1. 
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